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1. PAULSON obtained an optimum solution to the K-sample slip-
page problem for the normal distributions with common variances. .-
He considered the case when one of the populations might have slipped
as regards its mean to the right by a specified amount; 4 (4 > 0), the
means of the remaining populatlom being equal. Th1s restriction of
only one populatlon slipping is relaxed here and it is shown that this
procedure-is unbiased in the sense that the probability of incorrect choice
never exceeds probablhty of correct choice among the K + 1 decisions
namely :—

D, the decision that My=mg=....=my
and -
- D, the decision that m; = Max (my, my, my, ....,m)
where m, is the i-th population distributed as N (m;, g?)_ '

‘2. Without loss of generality we may confine our attention to a
single observation from -each of the. populations, i.e., x; is a single
observation  from ., and is independently -normally distributed with
mean m; and common variance o?/n and an observation S independently
distributed with the probability. density- function - L

1 e—':YnSz/(72

1 paulson, E., “‘An optimum solution to the K-sample shppage problem for
the normal dlstrlbutxon,” Annals of Math. Stat., '1952. '

1S, a) = P

nSz)‘"‘"’/ 2nS

" part of the thesis submxtted by the duthor for Dlploma in Agn(;u]tural
Statistics—I.C.A.R., 1957.
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Then the procedure d suggested by Paulson is defined as:-—
Take decision D, if

Ly — %) = Clxy=x, i=1, 2, .
JK(n—l)S2+n2(x¢—x)2 :
and D, if ’
(g = %)

< C,

«/'K(n ~ 1) 8+ n 5 (x, — 9

where _ o ‘
G — 5) > Clay | =4,
\/K(n— 1)S2+n .Z'(X;—*??)2
i=1
wy is w: (mp=my= .. = ni,{, ¢%, w being the f)arametér point
(mj, M, ..., My, %) ‘

- X
Xy =Max (x;, X3....,Xg), ¥ = Z'I—{‘
) 1

The unbiased property that the probability of incorrect chivice
never exceeds the probability of correct choice is equivalent to showing
that

@ Pr [Do/ wy] 2 Pr [Dyfw]
. (].l) Pr[D‘/w‘] PI'[D,/CU,I],. i,j——~-1,2‘,....,K,i¢j
B (111) .Pr[D,,;/wi] /Pr[D,;/wO]’ i=1, 2, ....,K
w; = w: [m; = Max (my, mg, my, . ..., my), o).
3. In order to prove the first propertmy”we have only to show that
Pr(ty < c) is maximum for w, for all o,
where .
' (xy — %) ,
,\/K(n— 1)S%+n )_',’(x —x)2

'Pr (tM ¢) is obtained as follows

Joint distribution of - the- ranked observations Xpx > Xiggj+ . . - > xm and
S-is written ‘'as : Tl
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K12 ' : 5
v—- e . Exp.
(V2n o) . . :
EET PO E AR .
§55Es P e e SEIR S dn e e o JE=10 20000 K

i=1

K' R . ..
—5e (xtg — my)? I dxpy £ (S, o) dS.
=1 -

On trg,nsfornﬁhg\ the above by

yz—-l SO"\/:/(I 1) [(l 1) Xp — 2 xU]]

R
Y= SU‘\/K[:x[l] + x[2] + x[K]] ’ S=
and denoting
N , : K1
mo—m=28,i=1,2....., K=1,my=m=— 3% §=38.
i=1

We get after integrating out Vx (x is integrated as the definition of the
region 7, << ¢ does not 1nvolve 1t) the joint distribution of y;, ys, . ..., Vg4
and S

o \/_) Sr-1(Ss cr) SEds : Z , Exp.
Ja d2ree -'-J;{ "
B fe A e I I S0 IE=1, 2000 0 K
k=3 (—1) 8,8, —8,—....—8. &
_1 o e e 0
2{‘2(%’5 vt(t—l), )

N <
+,(J’K--1S' \/K(K——l) }

wherice
PrltuSefdy ..: 8 = T (5, 0y 8%ds

[ 1 - P
*f(v*zw)T-ll. - Z - B
B . . Ty oy

. Jge I ean I ) L
WFIFE oo SEigifuda e i S0, 50 H Y Y
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H—1 o ’ _ T e
il — -12-{ Z (y,—rs | .(A 1) 85— \/;(1 i;zl) cees 8,1._1)2

i=2

~ ) kS . -2 K—1
+(J’x IS \/K(K—l) } dyi )

B is the space deﬁned by

i

YaV3>y1>0,7v/2> 9, >0, ..., ,\/ +1>y4_1 L

e T . - ’ T R UL
> 0’ B 'yK-l JK"——_‘z > yx_a > 0, c> tM
.‘}.}K"l 7 ’

= K >0

\/Kn(n —Q+ Bt s . | T

'_11 .

where '

The Pr(ty < c/w) (denote it by P) is maximum- at wy 1f fori=1,2,
K= j T

‘l-~aP o )
3% =0 (2)

Ss—gi;is pegative - T T o
£ ) |

and the principal minors of (K — 1)th order matrix

%P
38538; h

- are negative if-of odd order, and. positive if of

even order _ e . @
at §; = 0 i=1,2,. _"«.— 1, for ali values of S_2_, since these values
of §/s define a,, N N

j‘ f(S o) S dS f ( \/2 g ) Exp, ey “

B {< y - S2> + (yzl;—lsz)}l‘{lii dy{ - 1 o
i=1
i 1::2 "

T

Y S R T s
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Because of symmetry of &’s in (1)

2P I _
vb—s; ——'3—8]'. 1—1,2, ..'..’K—",.l.<
2P %P
i —aam I=L2enK-l
2 . 2 ‘£ v
*P . VP 1 =12 K= L.

5,00, 25,05,
Therefore the conditions (2) and (3) reduce to

P o

35, = =0 | o ®
%P . =

352 is negative _ - (6)

at §,=0,i=1,2,...., K—L
And the ¢-th principal minor of the matrix

2P
25:05

(22 22\ ,+<>£’_~_aii’)
(321’ PY\D5,2 28,08, 28,2 35,28,

reduces to

35,00, %P ) P
o 28,08, g - 28,08,
NP - )
Writing (1) in the form ,

f 7(8,0) S“V‘%’-S f e

X B E _ { Exp.
RRIRTRY X -
JFERFE . WHEigifdn. .t igF 20000 K

B 2 ' )
1 B K—1 ) -
;,— 5 Z <A¢S - ‘5n> }11:7; dy; ()

i1 = ’\/l (1 )(l ) Al - A2 T T Ai—])’
K-—1

AK=— 2/14 l=2,K,

=1
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is équiValent to
- pand . s s 3 1
Kd -
f f(S, o) S Sf 2
_ - B .

| 1
N

i
UL R o ) O (O L M JK=1,2,- . WK

Paslgn o

i=1

differentiating with regard to &, we get o
~ 1
K -
freaseas f e
0 B

R "\
iy ZL | | {(AhS—AmS—Z%

Jdn. . g

¢ '::_!1¢f27é---.7511{. !1'!"'--!}{:1-2'- WK
i T K1 - .
. » ' 1 K—1
-y s ) (Exp — 3 ) 45— 8,-)2>} Tay, (10)
. . =1
i=2 i=1 ‘ .

S -froomef b

i=1y 2y ..., K1

K .
X {Exp. —-% Z A,!”Sz-} _
& . “‘=1 ‘. S '

‘,‘} ‘X{ Z ‘ . (A.ﬁ - A!K>S}
.. i

) 1195}2_95 ses ?é!K: h,_’_z. s =10 24. ‘.I.f

K=

x Tdp=0 . 1)

=1
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dxﬁ'erentxatmg (10) w1th regard to 81, and puttlng 8, =0,: 1 = 1 2,.

2P - X
DS1 / 8i=0 ff(S U)S de (\/2 KL
i=1,2,... K—1
X {Exp - Z A42Sz}
=1

xl: ) ,Z,K K Ah:‘;.i,,c)zsz—z}]

h#ERFE o Fig I da e jg=1 20 0 K
K—1 '

x II dy; e \c“ .
§=1 . I3
;o 2K |K —2

— [ f@s.05as L S

0

e )

K—l

X de4

- f f(S 0)S¥ dS f %SZK)K_IZ
X {Exp —-'% KZ yﬁSz}

i=1

K—1
{ ), s = K= 1)} 7 (12

On transformmg to polar co-ordmates the above mtegtal reduces to

j‘ f (S, 0') SK dS “j'- } cos“"1 01 ‘Cogk-2 6y ....cos Oyq
( 0}{ J wa) A
ST b te, 07
2K |K 2
doy ....dog ..
e d}”f - W2mET
=0

X {Exp " WS {FESE — (R = 1)} r-2dr. (13)
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The transformed domain of integration lies in the -positive quadrant
and can be shown to be given by 0 <r<¢(0) and few(0),
where ‘, . . L |

/

¢ K—=1Gneg, — n02
K 1
~and w(f) is given by
: »
0 < g < cot? \/———— coseC gy, i =3,4,.... K= 1;
0 < '0}.:_2 < COt"l '\/3. lﬁ,r-'
Therefore the sign of the integral (13) depends only on the sign of the
integral with respect to r. Since S2 is positive, S? can be taken as 1 ‘
without any loss of generality for the consideration of the sign of integral, ‘
as will be apparent from a transformation rS = Z.
Taking ¢’ for ¢ (¢, 6), which is positive, the integral
d f{r2 (K — 1)}r"—2e—*'2 dr
. . 1
. Lid ! 1
= j (% — KrE-Y) ¢4y + K [ (r%1—(K—1)r¥-%) e-¥r2qr -
+. (K—1)? jl{r"—z — (K—2) rk=3} e-¥% gr 4 (K—1)2 *
< (K —2) _[{r“— —3) rK—4} pin dr-(K—1)? '
X (K= 2) (K= ](% = (K= 4 =3 s |
0, . i
+ ..... d .................... is o a0 a s e0caccessnnen
+(K—i_)2(K—2)(K—3) 13_|'(r —2r)e—*""dr £
&1 (K DK~ 9. 2] = et ar B
— l _— rKe-nrz Ic' + Kl — yE-1 e—-ﬁr2 lc’

+ (K—- 1)2| — =2 g-r2 |
(K= DK —2) | =i

e o
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K1, we get

L TK<SAMPLE SLIPPAGE PROBLEM FOR NORMAL. DISTRIBUTION .. 187

+ (K —,1)2 (K—_Z) (K—3)_| —:'i?"“’ e [

R L e o
- + (K - 1)2 (K ""2) (K — 3). .. .'-. .3 l —-rze—ﬁz ld’
+(K—1)2(K 2)(K—3)..‘;......2| —reht|”

is negative for all ¢’, each of the terms bemg negatlve, therefore (13) is
negative and so d2P[d8,2 is negatlve
. Differentiating with respect to 82 and puttmg 8¢ =0,i=12,.

2P _ % f 2l
\38138—2 8=0 - sff(Sy 0') S dSB _(\/ZW)K_I

i=1,2,.. .2 K—1~

——— . . 1‘{ * * . e . e
X,»{Exp —-%Z A2S2} L

i=1"

{ ) sy — & ~1)} e

i=1

Comparing with (12) we find that its value is half of bzP/DSI2 and is’
negative. N )
.. Conditions (5) and (6) are, satrsﬁed because of (1 1) and ( 13). From
the’ above it follows, that the t-th. princi ipal minor of the matrix
llbzP/DS 28)|| as expressed at (7) is pos1t1ve when ¢ is even and negative
when ¢ is odd. This completes the proof of propertles (2) to (4) and
hence (i) is proved. : .

4. To prove the second property we w111 first obtain Pr (D,[w;)
and Pr (D;]w;). Pr(D;/w;)is obtained by ‘writing down the joint distri-

bution of S and ordered ‘observations Xy > Xpg-13 > -+ -+ > Xm under
the restriction that xgg; is drawn from the i-th populatron and can be
readily written down from (9) " . ... ... "

SRR AR

Pr(D /wr) = ff(S o) S’*dsfmT -1(4,5-8)2

FEOR: IR K except is
Jﬁé.‘lg?é ‘iéJK] .fn'.?z CVIRT208,.0 W K
|
\K—i Vi

\::.x H dy‘ YR LR
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. = ) K AT N
L =freestas [ e
S 0 LA o
) =3 (415 -8;)2 = $(4;5=5)%
X Z .. e

I}. - ‘-’K except j§
A, A .. dg=2.. . K

K
- 2 (A58 —§)2
3 = (.K”1 51)

- X e el ig dy{ (141) -
B’ is defined by |
y2'\/3 >y1>0’ ya'\/2>y2>0,-5y1,\/i_j__’—l )
> Yie1 >0, yga \/Fj2 > Vg2 >0,
=i
nk 7€
Similarly,
d 1
— K
profod = rsostas f e
0 B’
« Z e—&(AxS—S;)z.‘%(-ff;.-S—ss)“
Ju .o dg excopt §j, f1fiesh L Aip 1
I da. o ig=2.. .. K
K .
-1 2 (4;5-8) : . i}
- l=1 K-1 Lt
atial X II dy;
1
(o =) A 1 .
ey K by
= freass e :
. 0 " B ]
RV Z o HAS =8 =34y~

S1v o wig. excopt ig, it L L, Hig
J1e..dg=2,. .., K

K
w3 2 (4p$-8)2
1= K

Xe WA Iy,
1
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We have to show that
Pr(D,/w;) — Pr (Dilw) =0

ff(S,o') S“dSJ (7/7717)—,{:," -

3 E (4yS—8)°
X Z ] e lzl A n !
j;...,jKexeept.M. .. dg=2 . K ’
. Fi :

% e~ (A12$2+A“252)—-(8,‘2+6,2) eA;SS;"i'A”SSj
’ 8;~8i) (41— 4;;5) K
« (1 . e’(; i)( 1 17 ) H dy1>0
i=1

which is so as
[ 1 — (5; G Au)s]

is posmve A1 A,, being always posmve ‘and ; — 8¢) bemg negatlve
[because m, = Max (my, my, Mg, My, . ..., M) for w]. This proves the
second property.

5. The third property, viz.,
Pr(D,/w) = Pr (D w,)
is established as follows :—
We see from (9) and (14) that
Z Pr(Dfw) =1~ Pr(Dyf«) | (15)
As | . 7 |
Pr(Di/w;) = Pr(D;jw) (property ii)

from (15), we get

Pr(Dyfw) = Z: Pr(DL/w;)—— [l — Pr(Djw)] (16)
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and as .

) Pr (D,|w;) < Pr(D,[ai,): (property i) '
We get from (16)

Pr (Di/wi) P’: (Do/wo)] s

K[lf

Z Pr (Dyfw;)

= Pr (D‘/w,,) (from 15)

because Pr (D;/w,) is same for all i, and this.can be easily seen by put-

ting 8's equal to zero in (14).

SUMMARY

_For the K-sample slippage ‘problem Paulson suggested an optimum
solution under certain restrictions on the paraineter space. It is shown
here that this procedure is desirable even when these restrictions are

relaxed as this procedure is an unbiased one.
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